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ABSTRACT: Free energy landscapes provide information on the dynamics of proteins
and nucleic acid folding. It has been demonstrated that such landscapes can be
reconstructed from single molecule force measurement data using Jarzynski’s equality,
which requires only stretching data. However, when the process is reversible, the Crooks
fluctuation theorem combines both stretch and relaxation force data for the analysis and
can offer more rapid convergence of free energy estimates of different states. Here we
demonstrate that, similar to Jarzynski’s equality, the Crooks fluctuation theorem can be
used to reconstruct the full free energy landscapes. In addition, when the free energy
landscapes exhibit multiple folding pathways, one can use Jarzynski’s equality to
reconstruct individual free energy pathways if the experimental data show distinct work distributions. We applied the method to
reconstruct the overstretching transition of poly(dA) to demonstrate that the nonequilibrium work theorem combined with
single molecule force measurements provides a clear picture of the free energy landscapes.

■ INTRODUCTION
Protein and nucleic acid folding free energy landscapes1,2 can
be reconstructed by using nonequilibrium work theorems,
namely, Jarzynski’s equality (JE)3−8 and Crooks fluctuation
theorem (CFT),9−12 to analyze experimental single molecule
force data and estimate the free energies. These theorems relate
the work done on and/or by a system to the free energy
difference between equilibrium states. These relations have
been successfully used to reconstruct landscapes of the
unfolding of RNA,5 proteins,6,13 and DNA hairpins,7,12 using
single molecule techniques such as atomic force microscopy
(AFM)14−18 and optical tweezers.11,19,20

It has been theoretically derived and experimentally verified
that JE can be used to determine the free energy, G, as a
function of molecular end-to-end extension, z, using single
molecule force measurement data from pulling at a
predetermined schedule, such as constant velocity.4−6,21,22 On
the contrary, the CFT requires measurement data from both
forward and reverse directions, thus potentially providing a
more accurate free energy estimate.11 Similar to the JE, the
CFT requires that the system starts at equilibrium for each
realization. Measuring nonequilibrium work while switching a
molecule from state A to state B and state B to state A allows
for the determination of the free energy difference, ΔGAB.
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Similar to JE, the unique relationship between the control
parameter λ (the distance that the cantilever lever traveled) and
the desired parameter z (molecular end-to-end distance, Figure
1a), allows one to reconstruct the free energy curve using the
constant velocity pulling single molecule force data without
having to wait for the system to reach equilibrium at
intermediate position M.4,6,24 However, for CFT, each point
on the free energy curve requires a pair of forward and reverse
data starting at equilibrium; i.e., to determine the free energy G
at any intermediate position M, one would need a pair of data A
→M, where A starts at equilibrium and M→ A, where M starts

at equilibrium. Here we show that one can reconstruct G(z)
using the CFT without waiting for the system to equilibrate at
each position by deconvoluting the data M → A from A → B
and B → M.

■ METHODS

Poly(dA) attached to AFM was prepared as described
previously.25 In brief, a silicon nitride AFM tip (Bruker) was
used to pick up a single DNA molecule.26−29 We monitored the
cantilever displacement, D, from its equilibrium position to
determine the cantilever restoring force, F = −kD, where k is
the cantilever spring constant. The spring constant was
determined using the equipartition theorem method30,31 to
be k = 0.04 N/m. We assumed the force on the molecule is
balanced by the cantilever restoring force. Experiments were
carried out in Tris−EDTA buffer (10 mM Tris−HCl, 1 mM
EDTA, pH 8) with 150 mM NaCl. Pulling and relaxation
experiments were taken at a speed of 40 nm/s, and 38
recordings were used (Figure 1). Force extension curves were
aligned in the reversible regions excluding the overstretching
transition. The x-axis was normalized to be displayed as
nanometer per base by assuming poly(dA) is fully stretched at
600 pN with an interphosphate distance of 0.7 nm.25,27 All
recordings were averaged every two points before calculation.
Because deconvolution is sensitive to input noise, some of

the deconvolved work distributions oscillated wildly or had
large negative values. In these cases, the input noise prohibited
an accurate estimate of the distributions; therefore, a threshold
was used to exclude distributions with equal or lower values
from further analysis. Results shown used a threshold of −0.1;
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lowering the threshold to include more distributions increased
the noise in G but did not change its shape. Similarly, using a
larger bin size in work histograms increased artifacts, and a
smaller bin size reduced the number of acceptable deconvolved
distributions and increased spurious noise spikes, but otherwise,
the choice of bin size did not affect G. To determine where
work distributions cross and thus estimate ΔG, in addition to
the graphical method described in the main text, we also used
the Bennett acceptance ratio method,11 which gave similar
results.

■ RESULTS AND DISCUSSION
We demonstrate our approach on poly(dA), a homopolymeric
single-stranded DNA with unique thermodynamic properties.32

At equilibrium, poly(dA) forms a single-stranded helix due to
the strong stacking interactions among adenines.33 The
stretching force curve does not show any obvious peak, i.e.,
an abrupt force drop, and therefore, the process is
reversible.25,27 Hence we chose this system for free energy
reconstruction using CFT.
We used the AFM tip to pick up a poly(dA) molecule, and

repeatedly stretched (forward, F process) and relaxed (reverse,
R process) the molecule. The position, λ, of the piezo-
controlled substrate stage was changed at constant speed, ν
(Figure 1a). The λ(t) and the cantilever deflection D are
recorded and converted to the extension, z = λ − D. The
resulting force extension curve, f(z), is displayed in Figure 1b.

At the end of either stretch or relaxation processes, the λ was
kept constant to allow the system to reach equilibrium before
the direction was turned. We waited 70 s, which has been
determined to be sufficient to allow the system to reach
equilibrium, before turning around for the relaxation process.
The CFT stated that9,11
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where PF(W) is the probability of work distribution W during
the forward process, PR(−W) is the probability of work
distribution during the reverse process, β = 1/kBT, kB is
Boltzmann constant and T is temperature, and ΔG is the free
energy change for switching the molecule from A to B.
As mentioned above, we chose poly(dA), where the forward

force curves are predominantly uphill, with no significant free
energy barriers like that of protein unfolding, to do the stretch/
relaxation cycles. Because the CFT requires the system to start
at an equilibrium state but not necessarily end with an
equilibrated state, at the end of the forward process the system
does not need to be equilibrated, although we do need to allow
the system to reach equilibrium before starting the reverse
process. Thus, we have data for A → B and B → A. From the
data, the stretching from the initial state A to any intermediate
position M can be calculated. Similarly, for the reverse process,
the data from the initial state B to any intermediate position M
can be obtained. However, to apply CFT to obtain the G of any
intermediate position M, we need a forward and reverse pair of
data from A to M. Because the reverse data from M to A were
not measured, we applied deconvolution using the reverse data
from B to A and B to M,
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where ★ indicates convolution. PR(−W)B→A and PR(−W)B→M
are the work distribution for system to go from B → A and B
→ M, respectively. In each equation, only two of the three
distributions were measured. The third distribution were
deconvolved using the discrete convolution theorem,34
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where represents the Fourier transform. The reverse data
between A and M can be solved by
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where −1 is the inverse Fourier transform.
Figure 2 shows the measured forward distribution,

PF(W)A→M, and the reverse distribution, PR(−W)M→A calcu-
lated using eq 2. As indicated in eq 1, when PF(W) = PR(−W),
W = ΔG; i.e., the intersection of the forward and reversion
work distributions allows us to determine ΔG = GM − GA.
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Note that the forward work values show bimodal distributions,
indicating additional stretching pathways. We have also
calculated the distributions using the measured R and F from
deconvolution, and the averaged results from both methods,
GCFT, are shown in Figure 3a. To show the validity of the CFT
process, we used JE to reconstruct G(z) from the same force
data.4,6,35 The forward GJE

F and reverse GJE
R were reconstructed

Figure 1. Single molecule AFM measurements. (a) The DNA
molecule is attached to the AFM tip and the substrate. The distance
between the cantilever lever and the substrate is increased at a constant
velocity v. (b) Representative force extension curves of poly(dA)
stretch/relaxation cycles. The stretching process started from an
equilibrium state λA, and the relaxation process started from an
equilibrium state λB. The stretch curves showed two pathways during
the overstretching transitions, and the relaxation almost exclusively
follows the low energy pathways. At 40 nm/s pulling speed, 60% of the
curves go through the high energy pathway. The relative distribution
between these two pathways depends on the pulling speed.25 Data
were averaged for every 60 points for display purpose.
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separately. Figure 3a shows our approach agrees with the JE-
based method.
In principle, Jarzynski’s equality is used to recover the

equilibrium free energies, when metastable states that are
higher in free energies exist and the higher free energies are
averaged out due to their smaller weight. However, in the
current studies, the metastable state work distribution is distinct
from the ground state distribution. Therefore, we were able to
manually separate these two distributions and reconstruct them
individually to obtain the equilibrium free energy and
metastable state energy separately. As shown in Figure 2, the
resulting free energies from CFT were only affected by the
position where the distributions cross and, therefore, were not
biased by the additional work distributions at higher work
values. When JE is used, the average is heavily overweighted by
small work values, and the additional work that is far from
equilibrium contributes little to the final average, and the results
are satisfactory. When the weighted average is performed using
Jarzynski’s equality, only the equilibrium, i.e., the lowest free
energy state, will be determined. However, in current studies,
there were two distinct peaks in the work distributions, which
allow us to manually separate the two distributions and obtain
the average of each distribution using Jarzynski’s equality.
Figure 3a shows that, when JE is used to estimate free energies,
the work from stretching overestimated G, whereas the work
from relaxation underestimated G (Figure 3a). The derivative
of the free energy G, dG/dz, shows two distinct averaged
force−extension curves (Figure 3b). In addition to direct
application in CFT, the reverse process data have also been
used to accelerate the convergence of the free energies.36 Both
methods should increase the accuracy of the determined free
energies. It will be interesting to compare quantitatively the

improvement on uncertainty by incorporating the reverse data
using different methods.

■ CONCLUSIONS
In conclusion, in addition to obtaining the free energy
difference between two states, CFT can be used to reconstruct
the entire free energy curve, using the deconvolution method.
JE can be used to determine both the equilibrium and the
metastable free energy pathways, when the two energies are far
apart so that the work distribution shows distinct bimodal
distributions and is separable. The choice of free energy of
overstretching transitions of DNA, which does not exhibit
unfolding peaks that result in an abrupt force decrease, enabled
the use of CFT, which requires the work distributions from
reverse reactions. The overall free energy landscape of
overstretching transitions of poly(dA) is depicted in Figure 4.
The results from CFT and JE are consistent, suggesting the
applicability using the nonequilibrium work theorem on single
molecule force data to reconstruct the free energy landscapes.
The unique energy landscapes of DNA overstretching
transitions are likely due to different base-stacking and random
coil states,25 and the reconstruction of free energy pathways
provides clues for mapping the dynamics of poly(dA) in
conformational spaces.

Figure 2. CFT free energy surface reconstruction. (a) Work
distributions of poly(dA) at various positions. The black lines indicate
the crossover between PF(W) and PR(−W) for a given position. (b)
3D representation showing the evolution of the crossover as a function
of positions.

Figure 3. Reconstruction of free energy pathways. (a) Free energy
curve reconstructions using the CFT and JE methods. Inset:
agreement between CFT and JE methods. Results from forward,
reverse, and average of the two works using JE, A = (GJE

F + GJE
R )/2, are

shown for comparison. (b) Equilibrium force curves using JE and CFT
recovered with F = dG/dx. The results from CFT, GCFT, are consistent
with those calculated from JE. The equilibrium force curve from the
metastable pathways, GJE

FH, was determined by averaging only the work
in the high value peaks in the work distributions of the forward
direction.
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Figure 4. Free energy landscape of poly(dA). The overstretching
transitions of poly(dA) showed two distinct pathways. The
equilibrium pathway can be reconstructed using either JE or CFT,
whereas the metastable, high energy pathway was reconstructed using
JE. The axes, P, Q, and E are analogous to entropy, the fraction of
native contacts, and energy.2
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